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In [i, 2] osc i l l a t ions  o f  a rod with cur ren t  f lowing a long  its sur face  

were  s tudied.  A dispers ion e q u a t i o n  was ob t a ined  for l ong i t ud ina l  and  

t ransverse  osc i l la t ions .  We cons ider  e l a s t i c  osc i l l a t ions  of a n  in f in i t e  

rod wi th  cur ren t  f lowing  a long  its sur face  when a un i fo rm cons tan t  

l ong i tud ina l  m a g n e t i c  f ie ld is present  outs ide  the  rod. The  dispers ion 

e q u a t i o n  for p r o p a g a t i o n  of e l a s t i c  osc i l la t ions  is ob t a ined  and p a r -  

t i cu l a r  cases of l ong i t ud ina l  and t ransverse  osc i l la t ions ,  and sur face  

waves  as wel l ,  are  cons idered .  

w  S t a t e m e n t  of the Prob lem and  Boundary Condi t ions .  Let a 

cons tan t  cu r ren t  I f low a long  the  sur face  of an  i d e a l l y  c o n d u c t i n g  rod 

of  radius  a; outs ide  the  rod the re  is a un i fo rm cons tan t  l o n g i t u d i n a l  

m a g n e t i c  f ie ld.  Then f ie ld  s t rength  vec tor  H in  c y l i n d r i c a l  c o o r d i n a t e  

sys tem r, ~, and z has c o m p o n e n t s  
2 [  

[ I  r : = O ,  H . . - -  cr " t i  z =:<onsi; for r ~ a ,  

l [  r ~ H . ,  .... t t  z = ( j  for r ~ :  . 

The f ie ld  H gene ra t e s  a m a g n e t i c  pressure p = 1 / 8  H z / v  on the  

sur face  of  the  rod. 

The  vec to r  u(ur, u o  Uz) for the  shift in  rod points  satisfies [3] 

p ~ -= (% -]- 2~t) g rad  d~v u - -  I t rot  ro t  u .  ( t .1 )  

Here  p is the  dens i ty  of the  m a t e r i a l ,  and  X, and g a re  L a m g  c o n -  

stants.  The  g e n e r a l  so lu t ion  to gq. (1) has the  form [1] 

n :.- U (r) e i ( -" , tem;  ,I,z), 

U (,) -: b- (r) r ~ + V (,') q :  -F W (r) z ~ 

':  (r) =: _l < ~  ~ Bi,: 
([J ~)? ( ~,. ) 

< . . "  ' " d r  ~ C m  - -  ?.  

pw"- 
- -  k~) (1.2)  

Y,o (~.) J .~ (3,9 , <,'J,. (~.") 
I (r) == A i m  ~----7---- @ Bi lcm r Ci (lt' 

(~.:_= ?e)_~_ ~-' __:A ) 

,!! r - -  "~ : ( ) - - . l ~ , , J m  ( a . r ) - -  B i~ . ] , , ,  (~r) .  (1.3) 

Here  A, B, and C a re  a rb i t r a ry  constants .  

Boundary condi t ions  on the per tu rbed  su r face  S'  a re  as fol lows:  

a) because  the rod m a t e r i a l  is i d e a l l y  conduc t ing ,  the  n o r m a l  
c o m p o n e n t  of  the  f ield H '  is zero  

It' .n' = 9 ; (1.4)  

b) the sums of  m a g n e t i c  pressure p outs ide  the  rod and  stresses 

wi th in  the  rod in  pro jec t ions  on the  r, ~0 and  z axies  a re  zero,  

: l sH%~'  l .~ -c- ~u  'ns(  = O ( i, !~ = r , 9 ,  z ) .  (1.5) 

Here  n '  is the  e x t e r n a l  n o r m a l  to S';  n[ are  its componen t s ;  H '  = 

= H + h is the exc i t ed  m a g n e t i c  f ie ld;  ~ i : / =  nil. ~ + ~ii': is  the stress 
where  aik ~ is the  stress due to the  e f fec t  of  the  f ie ld  H; 

The  e x t e r n a l  n o r m a l  n '  to S '  is wr i t t en  a p p r o x i m a t e l y  as 

gt r 
n" == n ~ - -  VUr, or n '  = r ~ - -  i m  ~ -  q? - -  ikUr z~  (1.7) 

Here  r ~, T", and  z ~ a re  uni t  vec tors ;  on sur faces  S ~ (for r = a), 

u r is a func t ion  only  of f and z. 

On the  sur face  S' we have  r = a + ur(a , % z); the re fore ,  for f ie ld  

H'  or S '  we ob ta in  

H ' = H ' ( a ) + [ ( u , r ~  or 

! t ' = i f ( a ) + h ( a , %  z ) - - u r ( a , q ) ,  z) a - ~ H  (a) q. ' ,  ( i .8 )  

wh ich  is a c c u r a t e  to wi th in  te rms  of the  first order  o f  smal lness  with 

respec t  to tut. 
It fol lows f rom the Maxwel l  equa t ions  tha t  div h = 0 and rot  h = 

= 0 outs ide  the  rod. We now have  

h - -  - -  i L V K  m (kr) e i(-~t§ (1.9) 

Here  Km(kr ) is a mod i f i ed  m - t h  order  BesseI func t ion  of  the  second 

kind.  The  a rb i t r a ry  c o m t a n t  L is such tha t  the f ield vanist/es a t  in f in i ty .  

Within the  rod the  f ie ld  is zero.  From (1.8) and (1.9),  wi th  the  s a m e  

a c c u r a c y ,  we h a v e  

(H ' )  2 = t t : 9 - F  t l z  ~ -F 

(i.lo) 

Subst i tut ing (1.6), (1.7), (1.8), (1.9) and (1.10) in to  (1.4) and  

(1.5) we ob ta in  
(raft:;  @ l,'a~Iz) a-~u r -~- L,:: fC m" (l;a} e ?(-~t'rm'~ ~'z) :.= V, 

[ I  ~% mH.~  -t- l , 'aH ?. r z . __ 
I: ~a - -  i xa ~,J~ ,. (ka)  e {(-~'v~'':' "'~) - -  ~j~ == O,(l.ll) 

,%~ <- H : .  
5r~--: 0, ~z~ " i kur  - -  ~rz := 0. 

All quan t i t i e s  in  (1.10) and  (1.11) a re  t aken  for r = a. 

Using (1.3) for amp l i t udes  of  the  d i s p l a c e m e n t  vec':or and  r e I a t i on -  

ships be tween  stresses and  e l a s t i c  de fo rmat ions ,  we ob t a in  the  fo l lowing  

sys tem f rom (1.11) for f ind ing  the  constants :  

. [ ~] 0 @ hi4 c == 0 

(i ~ t ,  2, 3, ~ ) .  

Here E is Yong ' s  modulus  and  the  coef f i c i en t s  bij are  found f rom 

b n == ~zayJ  m' (c~a), b12 - a2~?kJm" ([3a), 

bl~ = ? m J . ~  (~a),  b1~ = k a K . (  ( k a ) ,  

b~t = o~abE.l m" (o;a) + [aZ9o) z - -  2~ (l;~"a e + m " ) ] I  m (~a,). 

b23 = 6 E r a ]  m (~a) - -  2 lx~JanJm'  (~a ) ,  
b2,~ = - -  2? E K  m (ka ) ,  b:~ I - -  m [aaJm'(~ia)  - -  I m (~za)], 

b3~ = O, b 4 1 ~  ( O E - -  2 ~ ) a  kae,]m" (aa ) ,  

b ~  = (0 E - -p~)  ]eam~rm (~a), b~ = 0 ,  

mTI~  @ :,:all z ~ := __I (ll~'-" J- 2t~ ) 

8 ~ E  

In the  Bessel funct ions ,  the  p r imes  deno te  de r iva t ives  with respect  
to the a r g u m e n t s  ~xr and  Br for r = a. 

w Dispersion Equation.  Sys tem (1.12) has a neural.vial solut ion 
because  i ts  d e t e r m i n a n t  mus t  be zero:  

Ib~l  .- 0 (z. / = :  ~, 2, ?,, ' o .  (2.1) 

We in t roduce  the  d imeusionless  quant i t i es :  

o(,;'- ll.~ ~ ~[-" 
~ ::~'<" ~:"- ; ~ 7 5 '  %:- - ~ f ~ :  ' h :  '~ ~Y~.: 

. . ( ~ . 2 )  
.v:-~ . . . . . . .  i(j-,-v)(i--,_, 2 v ) , : _ , l ' ~ .  

' :  : 3 .  ~ [ 2 ('I 4 -  v) :f-' - -  I l ' "  ~;' 

Here  y is the  Poisson coe f f i c i en t .  The  e l e m e n t s  of the  d e t e r m i n a n t  
take  the  fo rm 

b u - -  T X @ n '  ( X ) ,  br,  " : " f x Y J m "  (] '),  
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bt:~. .  ? m J , , /  (Y). bta .... z K , , , ' ( x ) ,  
bet :- { 6 X J m '  (X)  i- ( t  i- v) r [t/e ( ye  x-') -- m=']J m ( X ) } E ,  
bee .... { S x Y J  m' ( r )  -i- x ('l "]- V) t (}'2 __ i;~e) Jm (}")} [~', 
b2.~-: {6mJra(Y)  - -  m ( t  - r  v) ~ YJm (Y)} E ,  
b24 -: - - 2 T E K  m (x), b:~ t : :  rtt [ X J  m" (X)  - - J , t  ( X ) ] ,  
bae : :  tax I} ' . /m '  ( g )  -- J m  (} ')] ,  
b: m -= (m ~ - -  U._, ye)  j , ,  ( y )  _ y j , , /  ( y ) ,  

(2 .3)  
be4 = O, b i t  := [ 0 - -  ( l  H V} 1] x E X 3  m" ( X ) ,  

b~ . . . .  (0  y e . . _  [.~ ) ( V ) ,  
- 2 ,:1-i:1[-s v j .  

( . . . .  t: ........ I .treE,I,,  ( ] )  
bm =: \ 0 -  2(1 -; v) / ' ' 
b,n -::{1. -[ ~ m , h  - ! . . r h . .  

5 :2h.~e~ { I -  v ) -L  0 : = h s  l e e .  

F r o m  t h e  f i rs t  r o w  of  d e t e r m i n a n t  (2 .1)  w i t h  e l e m e n t s  (2 .3)  w e  

e l i m i n a t e  y w h i l e  f r o m  t h e  f i r s t ,  s e c o n d ,  t h i rd ,  a n d  f o u r t h  c o l u m n s ,  

w e  e l i m i n a t e ,  r e s p e c t i v e l y ,  

x..rm ' (X) ,  ) 'Jm" (Y) .  m J  m (Y), '?-axK, , / (x) .  

Afte r  th i s  is  d o n e  w e  i n t r o d u c e  n o t a t i o n  

.I,~ {~) ~,n (~) K, ,  {~) (2 .4)  
(P.,~ ( ~ )  " " ; - 6 , / ( ~ )  ' - - -  U , , / ( ~ )  ' 

w h i c h  s i m p l i f i e s  t r a n s f o r m a t i o n s  a n d  e x p a n s i o n s  i n  t h e  e l e m e n t s  o f  

t h e  f i rs t  r ow ,  t h e  l e f t  s ide  o f  d i s p e r s i o n  e q u a t i o n  (2 .1)  is w r i t t e n  as t h e  

t h i r d - o r d e r  d e t e r m i n a n t  

Icp.; I - 0 (i .  :.- i .  2. 3) (2 .5 )  

c,, t i 2 (1 - v) [h-'., i- 1,e~[,~, (x)l  + 

+ I U ~ ( Y  2 - -  x e) m ' - ' l q ' . ~ ( X ) ,  

c , ,  = ( ) . e _  m-'){p,. ( ' ()  2_ IVe ()'~ - -  x 9  - -  m-'] q. , .~ ( :<),  
ctz . . . .  q),n '~ (y )  - -  [~/~ (Y: - -  x'-') - -  reel%,, ( X ) ,  
c ~ t - -  m '2 [ t  - - % n ( X ) [ .  c~e = m e [(Pro (X) - - ? , , ,  ( } ' ) l ,  

%: m2%,~ (X)  - -  %,, ~ 0 3  - -  '/2 Y% 

ca, :: 2 (1 -i- v) {} - -  2 ,  
c:m :-: I - -  ) . e /  .;.e. c:~:~ .: t .  (2 .6 )  

w L o n g i t u d i n a l  O s c i l l a t i o n s  ( C o n s t r i c t i o n s ) .  T h e s e  o s c i l l a t i o n s  

w i l l  o c c u r  i f  w e  se t  m = 0  i n  (2 .5 )  a n d  (2 .6) .  T h e  l e f t  s ide  o f  (2 .5)  is 

e x p a n d e d  in  p o w e r s  o f  e l e m e n t s  in  t h e  s e c o n d  c o l u m n  a n d ,  by  m a k i n g  

s o m e  t r a n s f o r m a t i o n s ,  w e  o b t a i n  

Idhl =.: 0 ( i , /  --  t ,  2 ) ,  (8 .1 )  

d , r  - t -i- 2 (1 -i- v) [he~ -i- xZq',, (z) h e J  + "F2C~o (Y) ,  
dl  s .... ~.eqO{, (y )  __ a/_o (y2  __ xe)q)(, (X) dee = f " -  Y'2/xz, 
dzt - -  2 ( t  s v) (hq~ e <- hz e) -i- Y2 / x a - -  f .  (3 .2 )  

A s s u m e  t h e  l o n g - w a v e  s i t u a t i o n  ex i s t s  (x << 1] ;  t h e n  (2 .4)  c a n  be  

w r i t t e n  ( for  g << 1) as 

% ~ 'h  - -  2 / U ,  *o (}) ~ (.: + la  ~/~ ~ , (8 .3)  

w h e r e  C is  t h e  Euler  c o n s t a n t .  
I f  w e  s u b s t i t u t e  (3 .3)  i n t o  (3 .2)  a n d  (3 .1 ) ,  i g n o r e  t e r m s  g r e a t e r  

t e r m s  g r e a t e r  t h a n  t h e  s e c o n d  o r d e r  o f  s m a l l n e s s  and  r e t u r n  to  t h e  

v a r i a b l e s  yZ a n d  p ,  t h e  e q u a t i o n  for  l o n g - w a v e  l o n g i t u d i n a l  o s c i l l a t i o n s  

is 

I - -  2h,'-' - -  2 iv -~ (l  - -  v).c  '2 In  (Ve;c)] hz" 

~le :- t - - 2 ( l <  v ) ( 1 - -  2v)[ l~a":  x"-hz'-'ln(~"-'r)l " (3 .4)  

w  T r a n s v e r s e  O s c i l l a t i o n s .  a)  For  m = • w e  h a v e  t r a n s v e r s e  

o s c i l l a t i o n s  w i t h  t h e  s a m e  cross  s e c t i o n .  E q u a t i o n  (2 .5)  w i t h  e l e m e n t s  

(2 .6 )  is w r i t t e n  as 

levi[ = 0 (i ,  / = f ,  2, 3 ) ,  (4 .1 )  

eta - -  I @ 2 (1 + V) [h~ ~ + (j= t% + xhz) eel& (x)]  - -  qh - t  (Y) ,  

e a ~ = q h  -~ (Y) q-- ( y e _  l )  { h ( Y ) ,  
eaa - 11 + Ve (x  e - -  Y~)] ~0t (X) - -  q0t-~ (Y) ,  
e e l  = i - -  1 / 2  y2 _ _  q)a--t ( y ) ,  
eo .2= ~ / e Y e - - q h  (Y) +" (Pt -a ( Y ) '  
eea = q)t (X)  - -  (pi -a (Y) - -  a/~ye. 

e~ t =  2 (1 + v )  (h ,  e + h z p - l ,  

e 3 2 -  Ye/x  s, eas = t ,  
~t  (~) = (p-a (~), % (~) = *-~(~) .  

Let t h e  w a v e l e n g t h  b e  g r e a t e r  t h a n  t h e  rod d i a m e t e r  (x << 1);  t h e n  

qh (g) ~ 1 + t / 4 ~ ,  % - a  (~) ~ I - -  ' / A  e, 
44.8) 

~ l ( g ) ~ - t - U ( C + l n t / e g ) .  

By s u b s t i t u t i n g  (4 .3 )  i n to  (4 .2)  a n d  m a k i n g  s o m e  t r a n s f o r m a t i o n s  

i n v o l v i n g  44.1),  w e  o b t a i n  

tg~.;I-- o ( q  / = i ,  2, 3 ) ,  

gel = y e  @ 4 ( t  -i" V) X -2 [h~o e + ( ~  hoe + X t~z )~ t  (x) l  , 
ga~.== 1 - -  Ve Ye, g a 3 =  a/~(X ~ _  2 ~ _ _ x - e x e y e ) ,  
ge~ = - -  y'2, g ~  = O, gea = X~ - -  y e  
get = 2 (1 + v) (h-'.~ -5- hz e) - -  t ,  gee "- l ,  g~3 = 0 .  

We e x p a n d  (4 .4) ,  s u b s t i t u t e  g i j  a n d  X a n d  Y i n  (2 .2) ,  a n d  i g n o r e  

t e r m s  g r e a t e r  t h a n  t h e  s e c o n d  o r d e r  o f  s m a l l n e s s .  T h e  e q u a t i o n  is t h e n  

f o u n d  i n  t e r m s  o f  

ye = el~xe + {1 - -  2x  -e i f  + * t  (x)]}  h ,  e + (4 .6)  

- + - [ l - - 2 ~ a  (x)]  hz e -~ 4x-~h~hz~i(x)  

o r  
P~ = aAk"-a e ~ ') [%% + C -'- In (Xh.ka)] h "- + 
kVg - ' 

+ 2kea ~" [3k-Ca -2 @ C -i- In  (Veka)] hi-  2~ (4 .7)  

4ka [k-Ca -e + C + In  (Veka)] I%h z . 

b) For m = •  w e  a l so  h a v e  t r a n s v e r s e  o s c i l l a t i o n s  i n  t h e  rod ,  b u t  

w i t h  a d i f f e r e n t  c ross  s e c t i o n a l  s h a p e ,  a n d  (2 .5)  n o w  b e c o m e s  

} P i j l  = 0 "(i, f = 1, 2, 3 ) ,  

Pn= f + 2 (1 + v) [h~ e + 

+ ( ~  2hr + xhz)e~2 (x)] - -  r -1 (Y) ,  

P~e : (Y~ - -  4) % (Y) + qh -a (Y), 
Pts  = - -  % - a  ( y )  _ _  ,/~ (ye  _ _  x e _ _  8) % ( X ) ,  

Pc1 = 4 - -  a/e y e  _ (pe-a (y ) ,  
Pee = t/e y e  @ q)2-t ( y )  _ 4q% ( Y ) ,  

Pea = 4(Pc (X) - -  a/e y.z _ T - - t  ( y )  
Pal  ~ 2 ( t  + v) ( h J  + hz e) - -  f ,  Pa~ = Y e / x " ,  
p ~  = 1, ~ {~) = ~_~ (~), % (~) - -  r (~) .  

For  s m a l l  ~, f u n c t i o n s  ~fz(g) a n d  Cz(g) a r e ,  a p p r o x i m a t e l y ,  

q% {r :=  t/~ + Ve4 U,  qh -~ (~) = 2 - -  a/r g2, 

r  (~) ~ - " -  a/e + r/e U. (4 .1o)  

Us ing  (4 .10 ) ,  w e  s u b s t i t u t e  q2(g) a n d  ~2(g) i n to  (4 .9) .  We t h e n  

o b t a i n  

lq~Jl = 0 (i ,  f = 1, 2, 3 ) ,  ( 4 .11 )  

q n =  VeYZ-- 3 ' . -  2 ( 1  + v) [t% e + ( !  2h ,  + xhz )2~2 ( z ) ] ,  
q t ~ =  I/~4Y2 qt3 = I/4(Y2 -r- x 2 ) - r / 4 s X  e ( } ' 2 -  xe ) ,  
qea = 1 2 -  2Y e, qee = t ,  q23 = Xe  - -  2 y e '  
q31 = 2 (1 + v) (h~ ~ § hze) - -  t ,  q3e = f~ x2, qa~ = 1 (4 .12)  

We e x p a n d  t h e  d e t e r m i n a n t  o n  t h e  l e f t  s ide  o f  (4.11) w i t h  e l e m e n t s  

(4 .12)  a n d  i g n o r e  t e r m s  g r e a t e r  t h a n  the  s e c o n d  o r d e r  o f  s m a l l n e s s ;  

u p o n  s o l v i n g  w e  o b t a i n  

2 ~ + 3~ ,-~ 
y e =  l + 2 v  [ ~  [v--2@2(3--2v) x-e]l%~"+ 44"13) 

~- [(4 - -  3v) - -  ~,q (3 - -  2v)x 21 h / -  -T (3 - -  2v) (x - -  4x -~) h~l~z~ 

or  

p&- 2 [ v q 3,',:-2a -'-' 
k~-E 1 -H 2v I t -f- v + [v - -  2 -i 2 (3 - -  2v) k-"-a-2] I% ~ 

+ [4 - -  3;, - -  a/4 (3 - -  2v) 12-a 2] h / -  

(3 - -  2v) (],'a - -  4k-~a - ' )  h#~);. (4.3.4) 
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w Surface Waves. For surface waves x >> t ,  the quantities X and 
Y will be imaginary; then [4] 

%~ (~[) .-~ l/S, %~ ([) -~ -- l/~ (% >> 1). (5.1) 

After substituting in (6.1) and ignoring terms on the order of l / g ,  
Eq. (2.5) with e lements  ( 2.6 ) becomes  

{ l - - ( i  + ~ ; ) ~ p - -  [ ( t - -2 (1  + v ) ~ ) x  

x( ' l  - -  (1 -F ~,) ( l - -2v)  (1 --  v) -1 y 2 ) ] ' : ] h ~ e  ~- 

-,- { t - - ( t  + v )  U 2 + [ 2 ( 1  +~r ~ - ( t - 2 ( 1  + ~ ) U 2 ) ' h i •  

It -- (1 + ~')(l - -  2~,) (t - -  v)-JU~] 'z=} h2~ + ~ (5.2) 

4- (i q- v)~ {[(-- 1--2 (t + v)g z) • 

~: (l - -  ('1 1~ %')(1 - -  2~2) (l  - -  %]) 1~2)]'/~ _ _  

-- [ t  - -  ( t  + 'v)U'2j~} = O. 

Letting he  = h z = 0 in (8.2) we obtain a relationship for Rayleigh 
surface waves [3]. 

The author expresses his appreciation to A. !. Momzov. 
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